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ABSTRACT: Bottlebrush polymers, formed from a linear
backbone polymer with a high density of grafted side chains,
are functional macromolecules useful in molecular assembly
and responsive materials due to their unique physical
properties. Interactions between the side chains stiffen the
molecular backbone and imbue it with a molecular dimension
beyond simply the polymer length, drastically altering
dynamic relaxation and intrapolymer interactions. Simulation
prediction of these material properties remains a challenge,
however, because they specifically depend on side chain
degrees of freedom that are computationally expensive to
model. In this work, we use the wormlike cylinder framework
to systematically map molecular features from a single-
molecule hybrid Brownian dynamics and Monte Carlo (BD/MC) simulation with explicit side chains to a simple touched-bead
polymer model. We use static properties from the explicit side chain simulations such as end-to-end distance and radius of
gyration to parameterize the wormlike cylinder model and consistently reproduce other single-chain properties such as
hydrodynamic radius and intrinsic viscosity. This parameterization yields the stiffness parameter and equivalent diameter of a
bottlebrush and is compared to prior scaling theories and simulation results. We find that the wormlike cylinder model,
appropriately parameterized, provides an accurate description of these quantities over a wide range of side chain lengths and
grafting densities. We demonstrate that a coarse-grained representation is able to consistently reproduce the bottlebrush
structure and show that the wormlike cylinder model can be useful for large-scale coarse-grained simulations of bottlebrush
suspensions.

1. INTRODUCTION

Over the past two decades densely grafted polymers, called
“bottlebrushes”, have emerged as an exciting subclass of
branched macromolecules. Bottlebrush polymers have found
utility as building blocks for a wide range of novel materials,1

for example, photonic2−4 and phononic crytals,5 molecular
pressure sensors,6,7 pressure sensitive adhesives,8 pH-respon-
sive surfaces,9 stimuli-responsive molecular brushes,10 and low-
modulus elastomers capable of strain hardening and sustaining
large deformation.11−15 These applications make use of the
unique properties of bottlebrush polymers, which emerge from
the more extended conformations bottlebrushes exhibit
compared to linear chains of the same length, and the
considerable stiffening of the backbone or even the side chains
at high grafting densities. The stiffening of the backbone causes
reduced molecular entanglements in bottlebrush melts,16−18

and in suspensions, lyotropic ordering has been reported.19−21

These recent efforts to use bottlebrush polymers in functional
and self-assembly applications point to the need to study a
large-scale macroscopic behavior (e.g., rheology or self-
assembly) of bottlebrush suspensions and melts and under-
stand how to tune these properties using an expanded list of

molecular architecture parameters (e.g., side chain length and
density and backbone length).
To address this need, a large variety of molecular models

have been used to predict or explain the behavior of
bottlebrush polymers. This is particularly prevalent in the
simulation literature, with a wide range of simulation models to
try to capture the conformational properties of bottlebrush
polymers. Efforts include Monte Carlo (MC) simulations
(both lattice-based22 and off-lattice23−33), bond fluctuation
models,34−36 cellular automaton models,37 molecular dynamics
(MD) models,15,38−51 and Brownian dynamics (BD) models.52

In addition, numerical theory such as self-consistent field
theory53,54 and polymer reference interaction site model
(PRISM) theory55 have also been used to capture the
conformational attributes of bottlebrush polymers. The focus
of most of these studies is to understand the key questions of
bottlebrush conformation, namely, how do densely grafted side
chains stiffen the backbone, and how do we quantify the

Received: February 19, 2019
Revised: May 30, 2019
Published: June 18, 2019

Article

pubs.acs.org/MacromoleculesCite This: Macromolecules 2019, 52, 4858−4874

© 2019 American Chemical Society 4858 DOI: 10.1021/acs.macromol.9b00363
Macromolecules 2019, 52, 4858−4874

D
ow

nl
oa

de
d 

vi
a 

U
N

IV
 IL

LI
N

O
IS

 U
R

B
A

N
A

-C
H

A
M

PA
IG

N
 o

n 
Se

pt
em

be
r 1

2,
 2

01
9 

at
 1

9:
30

:2
0 

(U
TC

).
Se

e 
ht

tp
s:

//p
ub

s.a
cs

.o
rg

/s
ha

rin
gg

ui
de

lin
es

 fo
r o

pt
io

ns
 o

n 
ho

w
 to

 le
gi

tim
at

el
y 

sh
ar

e 
pu

bl
is

he
d 

ar
tic

le
s.

pubs.acs.org/Macromolecules
http://pubs.acs.org/action/showCitFormats?doi=10.1021/acs.macromol.9b00363
http://dx.doi.org/10.1021/acs.macromol.9b00363


stiffness of the bottlebrush via a Kuhn length or persistence
length? This is crucial for understanding the origin of a
bottlebrush structure, particularly the size (e.g., end-to-end
distance, radius of gyration, and hydrodynamic radius) and
shape (e.g., asphericity and prolateness). The predominant
approach in these studies has been to characterize the scaling
exponents of these size measures as a function of backbone or
side chain degree of polymerization and in turn contextualize
the molecular stiffness. This has been complementary to
scaling theories that extend the theoretical knowledge of chain
statistics to bottlebrush architectures, which similarly provide
predictions of scaling exponents.34,56−59 Despite the significant
success in modeling bottlebrush conformation, there remain
significant computational limitations on the time scale and
length scale over which these molecules can be simulated. This
is especially limiting for large bottlebrushes, which can have
∼100−1000 side chains, where simulations are essentially
limited to a single bottlebrush. The large-scale rheological and
self-assembly properties that are sought after in bottlebrushes
are thus challenging to predict, especially with molecular
simulation.
The most costly aspect of the simulation and theory of the

bottlebrush polymer structure is the need to resolve the side
chain degrees of freedom. This is crucial, because the observed
stiffness is not intrinsic to the backbone but related to the
architecture and interactions between the side chains. Indeed,
it is describing this side chain-induced stiffness that is often the
main motivation of the both simulation and theory. However,
experimental investigations often take a different approach that
does not rely on the resolution of side chains. Here, the
experimental literature describes bottlebrush polymers as a
wormlike cylinder (WLCy), which was considered in a series
of early papers by Wintermantel and co-workers.20,60,61 Initial
studies demonstrated that the WLCy model matched well to
the radius of gyration and hydrodynamic radius,20,60−64 and
later work extended the original WLCy model to show that the
static structure factor, center-of-mass diffusivity, and intrinsic
viscosity can all be consistently described by taking chain ends
into consideration.65−70 While much of this work focuses on
flexible side chains, the model can also be used to describe
bottlebrushes with semiflexible or rodlike side chains.3,71−75

Much of this literature has been reviewed extensively by
Nakamura and Norisuye.76

There are thus two different general approaches to studying
bottlebrushes: in the simulation and theory approach,
conformational features (e.g., radius of gyration, end-to-end
distance) emerge naturally out of explicitly modeled side
chains; in experimental efforts that use the WLCy model, the
same conformational features serve as a route to parameterize
and validate predictions that emerge from an assumed
molecular geometry without any input regarding its architec-
tural origin. While ostensibly describing the same molecular
conformations, seemingly conflicting observations emerge. For
example, simulation and scaling theory generally agrees that
scaling exponents are similar to that of a flexible chain for
synthetically relevant cases.28,49,56 This is curiously distinct
from the results that the Kuhn length of a bottlebrush can be as
much as 40−100 times larger than that of a flexible backbone,
as measured in an experiment assuming a wormlike
geometry.61,77−80 In contrast to a flexible chain, this suggests
that bottlebrushes possess significant rigidity, consistent with
experimental evidence of lyotropic ordering of bottlebrushes in
nondilute solutions.19−21 This prediction is also consistent

with some simulation49 and theory57 for the bottlebrush
persistence length.
In this paper, we explore the possibility of using the WLCy

model as a coarse-grained representation of a bottlebrush in a
way that parameterizes the molecular simulation rather than
the experimental observation. The latter molecular model is
based on a hybrid BD/MC simulation model developed by the
authors, with properties that arise from resolving the side chain
structure and in quantitative agreement with the experiment.52

We focus on four quantities end-to-end distance ⟨R2⟩, radius
of gyration ⟨S2⟩, hydrodynamic radius RH, and intrinsic
viscosity [η]to show that the wormlike cylinder model can
accurately capture the results of the underlying fine-grained
model. We use a parameterization procedure that systemati-
cally shows that the WLCy model is consistent among a wide
range of conformational and dynamic properties and for a large
number of polymer architectures (e.g., side chain length,
backbone length, and grafting density). The parameters of the
WLCy model provide insight into a wide range of conforma-
tional features such as the molecular width and flexibility, and
we demonstrate how the scaling exponent for the flexible chain
arises from a relatively stiff molecule. We also show that, by
parameterizing the WLCy model from a computationally
expensive molecular simulation with explicit side chains, we
can develop a coarse-grained model of a bottlebrush that has
implicit side chains. This model is currently focused on dilute
suspensions of bottlebrush polymers, with nondilute systems
requiring additional study of inter-bottlebrush interactions.
However, this implicit side chain representation represents the
first step to carrying out large-scale simulations of bottlebrush
suspensions, which would otherwise be computationally
intractable in more fine-grained polymer simulations.

2. BOTTLEBRUSH MODEL AND SIMULATION
METHOD

We use a simulation model of bottlebrush polymers developed
in our prior work,52 which includes explicit side chains and can
be quantitatively compared to the experimental results for
intrinsic viscosity and hydrodynamic radius.52 This model
represents the bottlebrush architecture via a coarse-grained
bead-spring model, with the backbone consisting of Nbb beads
and each side chain consisting of Nsc beads. The grafting
density, f, determines the number of side chains attached to a
backbone bead. For example, if f = 2, then two side chains are
connected to each backbone bead, whereas f = 0.5 indicates
one side chain every two backbone beads. It is possible to map
the parameters Nsc and Nbb to synthetic bottlebrush degrees of
polymerization, specifically for poly(lactic acid) side chains
grafted to a poly(norbornene) backbone, for the special case
that f = 1.52

This bottlebrush model considers an overall energy, U = Us
+ Uev + Ub, that includes a spring potential Us, an excluded
volume potential Uev, and a bending potential Ub. For the
spring potential, we use finitely extensible nonlinear elastic
(FENE) springs to maintain the connectivity between the
beads:

U k r
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Here, the spring constant is ks = 30ε/σ2 and the maximum
spring extension is rmax = 1.5σ, where rij is the distance between
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the two connecting beads, and σ and ε are the length and
energy parameters (in unit of kBT, where kB is the Boltzmann
constant and T is the absolute temperature), respectively.81

The summation is marked by an asterisk to indicate that it is
over the connected bead pairs, as determined by the
bottlebrush topology.
The Weeks−Chandler−Anderson (WCA) potential82 is

used to model the pairwise excluded volume between the
beads:

U
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(2)

where rc = 21/6σ. This form of Uev models a bottlebrush under
athermal conditions. Finally, a bending potential is given as

U k T
1
2

(1 cos )
i j

ijb
,

B∑ θ= * −
(3)

This potential is introduced only for beads constituting the
backbone, where θij = cos−1(ûj · ûi) is the bond angle
(complementary) between the unit vectors ûj and ûi along
consecutive backbone bonds.
The beads are assigned a hydrodynamic radius a and a drag

coefficient ζ, representing the friction of a bead. Assuming a =
σ/2 and ζ = 6πηsa, where ηs is the solvent viscosity, the bead
diffusivity is kBT/ζ, and the bead diffusion time is τ = ζa2/kT.
We choose a as the unit of length, kBT as the unit of energy,
and τ as the unit of time. Consequently, the unit of force is
kBT/a, and the unit of diffusivity is kBT/ζ.
We use a combination of Brownian dynamics83 (BD) and

Monte Carlo (MC) to evolve the bead positions. The BD
position update is via the discretized stochastic differential
equation

t t t t U t t tR R D D x( ) ( ) ( ) ( ) 2 1/2δ δ δ+ = − ·∇ + · (4)

where R is the column vector of all bead positions, D is the 3N
× 3N diffusivity tensor (N being the total number of beads), δt
is the time step, and x is a column vector of length 3N
containing random numbers drawn from a normal distribution
N(0,1). The third term t D x2 1/2δ · represents the displace-
ment only due to Brownian motion. The right-hand side of the
above equation is evaluated using the positions at time t and
left-hand side gives the bead positions at time t + δt. Note that
eq 4 is in a nondimensionalized form with respect to the units
mentioned in the preceding paragraph. Furthermore, for
computational expediency, we neglect the hydrodynamic
interaction (HI) between the beads; therefore, the diffusivity
tensor D degenerates to an identity matrix.
Two kinds of MC moves(i) backbone pivot and (ii) side

chain double bridgingare used periodically after several BD
steps to induce rapid global conformational changes as
described in ref 52. Six independent trajectories were
generated for each case. The time step δt for advancing the
beads was 10−4τ. A pivot move was performed after every 50
BD time steps, and a double bridging sweep was performed
after every 11 BD time steps. A sweep involves performing the

double-bridging move described earlier repeatedly so as to
cover approximately half of the total number of beads. The
total duration of all trajectories was 108 time steps or more. We
checked the approach to equilibrium by monitoring global size
measures of the whole bottlebrush (⟨S2⟩ and RH) and that of
the backbone and side chains separately. Properties calculated
subsequently were averaged over all the trajectories. Errors
analysis was performed using by the block-averaging
procedure.
The diffusion coefficient was calculated from the so-called

Kirkwood diffusivity:84

D
N

D
1

3
Tr

i j
ij

K
2 ∑ ∑= ⟨ ⟩

(5)

where Dij is the Rotne−Prager−Yamakawa (RPY) tensor,85,86

which accounts for the hydrodynamic interaction between
bead i and bead j, N is the total number of beads, and the angle
brackets denote average over all conformations. The hydro-
dynamic radius RH is then determined using the Stokes−
Einstein relation

R
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D6H

B

s
Kπη

=
(6)

where ηs is the solvent viscosity. In eq 5, the 3 × 3 blocks Dij of
the diffusivity tensor are given by

i j ND I(1 ) , , 1, ...,ij ij ij ijδ δΩ= − + = (7)

where δij is the Kronecker delta, I is the 3 × 3 identity matrix,
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The averaging in eq 5 was performed on equilibrium
conformations obtained from a simulation run.
We calculate the intrinsic viscosity [η] using the

expression87−90
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where NA is the Avogadro’s number, N is the total number of
beads, M is the molecular weight, and
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where Ri is the position vector of bead i with respect to the
molecule center-of-mass, Ri = ∥ Ri∥, and Rij = ∥ Ri − Rj∥.
In eq 9, the first term in the left-hand side is a correction

term introduced to account for the limiting case of a single
bead,87 the expression inside the angle brackets was derived by
Tsuda89 for rigid molecules based a nonpreaveraged version of
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Kirkwood theory, and the angle brackets were put in by de la
Torre et al.88 to account for conformational fluctuations in
flexible molecules. The average denoted by the angle brackets
in eq 23 was performed on the conformations obtained from
simulations.

3. PARAMETERIZATION OF THE WLCY MODEL

3.1. Parameterization Overview. The WLCy model is a
Kratky−Porod (KP) chain with a finite diameter and uses
three molecular parameters: contour length L, Kuhn length
λ−1, cylinder diameter d.91−93 In this work, we occasionally also
include an excluded volume parameter B that accounts for
situations where the cylinder interacts with itself significantly
(i.e., in the limit of a flexible and/or long bottlebrushes). This
enters the formalism via the quasi-two parameter (QTP)
theory,92 which perturbatively considers the effect of excluded
volume on the observables we measure. We show that this
model is capable of capturing the behaviors observed in our
molecular BD/MC simulations but implement a systematic
protocol for determining these four parameters.
The general scheme we used is shown in Figure 1. The

bottlebrush end-to-end distance is first used to determine
values of L, λ−1, and B, representing a smaller subset of the
molecular parameters of interest. B is only incorporated as
needed. The value of d does not play a role in the end-to-end
distance but does factor into the WLCy prediction of the
mean-square radius of gyration ⟨S2⟩; we fit using the previously
determined values of L, λ−1, and B to determine d. With the
four parameters determined, we can then test this prediction
against the hydrodynamic radius RH, intrinsic viscosity [η], and
form factor P(qa). This may not be the only route to
parameterizing the WLCy model to our data but is the most
straightforward due to the simplicity of using the end-to-end
distance to obtain the initial parameters. Other routes to
parameterization, such as initially fitting other values like RH
before the end-to-end distance, are significantly more numeri-
cally challenging; as such, we demonstrate the suitability of the
parameters obtained by this procedure by appealing to their
success in describing the bottlebrush properties. Indeed, we
will ultimately show that the WLCy parameters are consistent
across all of the aforementioned observables, suggesting that

this straightforward model is an excellent minimal model of a
bottlebrush polymer.

3.2. End-to-End Distance Parameterization. We begin
by using the mean-square end-to-end distance ⟨R2⟩ to
parameterize L, λ−1, and B. In experimental studies, L is
typically not known a priori but rather assumed to be
proportional to the molecular weight M. In the case of
simulation, we introduce a constant of proportionality mL = L/
(Nbb − 1) as a fitting parameter, which parameterizes the
connection between the number of simulation backbone beads
Nbb and the effective length of the chain.
We fit using an expression for ⟨R2⟩, which, in the absence of

excluded volume effects, is given by the standard expression for
a KP chain:91

R
L 1

2
(1 e )L2

0 2
2

λ λ
⟨ ⟩ = − − λ−

(10)

This equation only requires two parameters (L and λ−1), with
the diameter d and excluded volume parameter B not
appearing. In the case that the chain is sufficiently long and
flexible, it will be important to include excluded volume via the
QTP theory.92 The quantity B ≥ 0 serves as a measure of the
excluded volume strength, with dimensions of length, and is
related to the binary cluster integral (ref 94, pp. 61) β = 4π∫ 0

∞

[1 − exp ( − u(r)/kBT)] r2dr via B = β/a2, where a is the
spacing between the beads along the contour and u(r) is the
potential of mean force between the two beads. In the QTP
formalism92
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where

Figure 1. Schematic showing the extraction of model parameters from the bottlebrush simulation data. Fine-grained models using explicit side
chains are first systematically parameterized by fitting ⟨R2⟩ using the length L, Kuhn length λ−1, and excluded volume parameter B. Subsequently,
the diameter d is determined from fitting the radius of gyration ⟨S2⟩. This sets all the parameters for the wormlike cylinder model, which can then
be validated with predictions for hydrodynamic radius RH and intrinsic viscosity [η]. Once we have a consistent set of WLCy parameters, we can
use these to represent a bottlebrush with an implicit side chain model based on a discrete wormlike cylinder.
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The resulting fits are tabulated in Tables 1−4. For f = 1,
beyond Nsc = 8, we find that simple two-parameter fits with mL

and λ−1 are sufficient to describe the simulation data. Indeed,
the excluded volume parameter appears as an extraneous
parameter in these cases and cannot be determined reliably.
We interpret these cases as the contour length L being short
enough so as to fall outside the excluded volume regime. Note
that the excluded volume referred to here is the long-range
interaction along the backbone of the WLCy, not the excluded
volume inherent in a bead-spring model. For f = 2, we find that
determination of B is not required beyond Nsc = 4; for f = 5,
none of the values of Nsc treated here requires consideration of
excluded volume (B and λB are not listed in Table 4). We also
note that that value of B has units of length and is due to the
steric repulsion between the densely packed side chains;
however, B is not the same as the molecular width, d, which is

a geometric measure of the chain conformation. In our model,
we treat these quantities as independent parameters, as we are
unaware of any known relationship between these two
quantities in the context of bottlebrush polymers. Figure 2
shows the simulation data along with fits to the WLCy model
for cases both including and excluding B. Satisfyingly, a single
set of values mL, λ

−1, and B can fit the entire curves for ⟨R2⟩ as
a function of Nbb for all simulation measurements spanning
different values of f and Nsc.

3.3. Radius of Gyration Parameterization. Having
obtained mL, λ

−1, and B (where applicable), we now fit only
for d based on the radius of gyration from the same set of
molecular simulations used to plot ⟨R2⟩ in Figure 2. The mean-
square radius of gyration ⟨S⟩0 for an unperturbed WLCy is93

S
L

L L
d

6
1
4

1
4

1
8

(1 e )
8

L2
0 2 3 4 2

2
2

λ λ λ λ
⟨ ⟩ = − + − − +λ−

(14)

Here, the value of d only enters in as a correction to account
for the effect of chain ends, which we assume to be
hemispheric with a diameter equivalent to d. Nevertheless,
because we have already obtained the other parameters, we can
calculate d to reasonable accuracy. We also use a QTP
expression for long, flexible chains where B was necessary to fit
⟨R2⟩, but now for

S SS
2 2 2

0α⟨ ⟩ = ⟨ ⟩ (15)

where

z z0.933 0.067 exp( 0.85 1.39 )S R
2 2 2α α= [ + − − ]

∼ ∼
(16)

This correction is only dependent on z ̃ and thus L and B, so it
has already been set in the previous step of the parameter-
ization protocol. We show the importance of this correction in
the Supporting Information by plotting KP/QTP predictions
against the simulation data with and without the excluded
volume effect, B. With the KP and QTP expressions combined,
we show the corresponding fits in Figure 3 and the fit values
tabulated in Tables 1−4. We note that, in Figure 3, we
distinguish between the values of ⟨S2⟩ of just the backbone
beads (solid points) and the value of ⟨S2⟩ for the entire
bottlebrush (open points). This highlights the role of d, which
leads to the deviations at low Nbb. It is this limit where d
becomes the major contributor in eq 15, and we once again
note that we can fit the WLCy model to the simulation data
almost exactly. This completes our parameterization of the
entire set of bottlebrush simulations, which can now be tested
against other conformational observables.

3.4. Consistency of the WLCy Model with Hydro-
dynamic Radius and Intrinsic Viscosity. The WLCy model
can be used to predict hydrodynamic radius RH, and a related
touched-bead model can be used to predict the intrinsic
viscosity [η]. These provide a consistency check so that it is
possible to determine how well the WLCy parameters mL, λ

−1,
B, and d reproduce simulation observations that are not
directly related to the values ⟨R2⟩ and ⟨S2⟩.
We first calculate the hydrodynamic radius RH,0 for an

unperturbed WLCy when L > 4d:95

Table 1. Fitting Parameters for f = 0.5

Nsc mL λ−1 d B λd λB

2 1.385 10.861 4.932 6.298 0.454 0.580
4 1.277 14.739 7.623 12.972 0.517 0.880
8 1.088 28.841 12.214 29.365 0.423 1.018
14 1.011 50.855 17.286 56.394 0.340 1.109
20 0.974 80.048 21.665 71.987 0.271 0.899
32 0.967 125.28 28.708 149.72 0.229 1.195

Table 2. Fitting Parameters for f = 1

Nsc mL λ−1 d B λd λB

2 1.342 16.003 5.461 9.822 0.341 0.614
4 1.244 28.115 8.138 18.137 0.289 0.645
8 1.179 57.879 12.538 29.364 0.217 0.507
14 1.143 119.168 18.048 0.151
20 1.133 182.40 22.755 0.099
32 1.121 351.84 30.590 0.087

Table 3. Fitting Parameters for f = 2

Nsc mL λ−1 d B λd λB

2 1.466 23.547 5.759 11.164 0.245 0.474
4 1.424 48.332 8.503 11.826 0.176 0.245
8 1.416 111.57 13.210 0.118
14 1.404 253.96 19.295 0.076
20 1.405 736.49 24.337 0.033

Table 4. Fitting Parameters for f = 5

Nsc mL λ−1 d λd

2 1.955 52.837 5.612 0.106
4 1.975 116.76 8.546 0.073
8 1.990 306.52 13.841 0.046
14 2.007 603.13 20.603 0.034
20 1.977 1541.0 27.006 0.017
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where σ = L/d. The coefficients Ai and Cj are given in ref 95. In
this limit (L ≥ 4d), we can (when necessary) use the QTP
theory prediction

R RH H H,0α= (18)

where

z z(1 6.02 3.59 )H
2 1/10α = + +

∼ ∼
(19)

For L ≤ 4d, RH,0 can be determined from Norisuye’s theory96

based on a spherocylinder:
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The coefficients Ci are given in ref 96. We plot the fits to RH
for all values of Nsc, f, and Nbb in Figure 4. This shows that the
values calculated based on the WLCy model agrees well with
the simulation data. We emphasize that this is an independent
verification that involves no fitting. Equation 18 depends on
RH,0, which are calculated from eq 17 for L > 4d and from eq
20 otherwise. The predictions from eq. 20 are shown by the
dotted lines in Figure 4.
We are not aware of any prediction for intrinsic viscosity

[η]0 using the WLCy model; however, a “touched-bead” model
that represents the cylinder as a chain of neighboring bead
provides the following expression97
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Figure 2. Mean-square end-to-end distance ⟨R2⟩ as a function of backbone DP Nbb for different grafting densities: (a) f = 0.5, (b) f = 1, (c) f = 2,
and (d) f = 5. Markers denote the simulation data, solid lines denote fits considering the excluded volume interaction (eq 11), and dashed lines
denote fits neglecting the effect of excluded volume (eq 10). Fit parameters mL, λ

−1, and B are tabulated in Tables 1−4 for all values of Nsc and f.
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where M is the molecular weight, Φ∞ = 2.87 × 1023 mol−1 is
the Flory viscosity factor, NA is the Avogadro’s number, and
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Here, the coefficients Ci are given in ref 97. This value can
once more be modified using the QTP formalism92 as

3
0η α η[ ] = [ ]η (23)

where

z z(1 3.8 1.9 )3 2 3/10α = + +η
∼ ∼

(24)

From eq 23, we calculate the reduced intrinsic viscosity
[η]M/πNAa

3 using the parameters as before. Note that the
touched-bead model in eq 23 is subtly different than the
WLCy model; the diameter in this context refers to the
diameter of the touching beads constituting the cylinder and is
not necessarily identical to d determined earlier based on a
cylinder model. Similarly, the excluded volume parameter B is
not necessarily identical to that determined based on a cylinder
model. While a rigorous method would be to determine
another set of d and B values only for intrinsic viscosity, we

choose to retain d and modify B. We motivate this choice by
noting that, for values of Nsc and f that do not use B, no change
in d is needed to exhibit a nearly quantitative agreement
between touched-bead predictions and simulation values of
[η]. We find that substituting B with B/2 gives a good fit, as we
can see from Figure 5. This factor of 1/2 is not entirely ad hoc,
and a similar situation occurs for linear semiflexible chains as
well, where the diameter of the touched-bead model is
modified by a factor of 0.74 to match the predictions of the
cylinder model.97 Nevertheless, this is a known prefactor, albeit
heuristically determined, and we feel it is unlikely to prevent
application of the WLCy model for future purposes.

3.5. Form Factor. To obtain further insight into the
conformations and semiflexible nature of bottlebrushes, we
calculate the form factors of bottlebrush molecules for different
side chain lengths, backbone lengths, and grafting densities.
Figure 6 shows the form factor of the entire molecule and that
of only the backbone for a long bottlebrush (Nbb = 926) at
grafting density f = 1. Both form factors look very similar as
that obtained by Yethiraj28 from Monte Carlo simulations of
single bottlebrushes. We indicate on Figure 6a the length scales
associated with q = λ and q = 1/d as determined by the
wormlike cylinder model parameterization, with a clear kink in
the form factor at q = 1/d that we interpret as connected to the

Figure 3. Mean-square radius of gyration ⟨S2⟩ as a function of backbone DP Nbb for different grafting densities: (a) f = 0.5, (b) f = 1, (c) f = 2, and
(d) f = 5. Markers denote simulation data for the radius of gyration of the entire bottlebrush, solid lines denote fits considering the excluded volume
interaction (eq 15), and dashed lines denote fits neglecting the effect of excluded volume (eq 14). Values of d used in these fits are tabulated in
Tables 1−4, while other parameters (mL, λ

−1, and B) were determined from matching ⟨R2⟩ in Figure 2.
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bottlebrush width. Further interpretation is challenging due to
the absence of a suitable model for the overall bottlebrush form
factor P(qa), but the backbone form factor Pbb(qa) is more
readily amenable to interpretation. We observe the well-known
power law decay of the form factor versus q for linear, with an
exponent of −1.7. With an increase in side chain length, three
regimes can be seen to emerge (see Figure 6b): (i) at small
length scales (ca. 10 bond lengths), the local structure is the
same as a linear chain; (ii) at intermediate length scales, Pbb ≈
q−1, indicating a rodlike structure; (iii) at longer length scales
(but still shorter than the overall molecular size), the exponent
m in Pbb ≈ qm, which is the slope in the log−log plot, changes
from m = − 1 toward the swollen coil-like limit of m = − 1.7.
We point out that, in Figure 6b, the slope of m = − 1 becomes
more apparent for higher Nsc; the change in slope from m = −
1 to a lower value (i.e., toward −1.7) does not actually reach
the limiting value of m = − 1.7, indicating that the
bottlebrushes are not sufficiently long to reach a flexible
chain limit. Rodlike scaling over intermediate length scales
have also been observed in simulations of bottlebrush
molecules under melt conditions.98 Form factors for many
other values of Nbb and f are provided in the Supporting
Information. We plot the form factors in Figure 6b as functions
of the value λ as parameterized earlier in Figure 7. Here, we

compare the backbone form factor Pbb with the theoretical
predictions of Pedersen and Schurtenberger99 for semiflexible
chains. For Nsc ≤ 8, we use the analytical expression (from ref
99 incorporating excluded volume; for Nsc > 8, the expression
without excluded volume is used, in accordance with the data
in Table 2. Once more, we observe consistency between the
predictions emerging from the parameterized values (lines in
Figure 7) and simulation data (points in Figure 7).

4. DISCUSSION
We were able to show that a wide variety of architectures
(defined by Nbb, Nsc, and f) can be consistently fit to exhibit to
a small number of parameters (mL, λ−1, B, and d) that
quantitatively match, via the WLCy model, a number of
different simulation observables (⟨R2⟩, ⟨S2⟩, RH, [η], and
P(qa)). This points to the success of the WLCy model as a
tool to understand the behavior of explicit side chain
simulations in the context of the overall molecular geometry
and provides the basis to study the impact of molecular
architecture on parameters such as the Kuhn length λ−1 and
bottlebrush thickness d. This furthermore allows us to compare
with our intuition on the bottlebrush structure and understand
this same structure in the context of prior theory and
simulation results.

Figure 4. Hydrodynamic radius RH as a function of backbone DP Nbb for different grafting densities: (a) f = 0.5, (b) f = 1, (c) f = 2, and (d) f = 5.
Markers denote simulation data, solid lines denote values calculated considering the excluded volume interaction (eq 18), dashed lines denote
values neglecting the effect of excluded volume (eq. 17, and dotted lines denote values calculated based on spherocylinder model (eq 20). The
dotted lines are truncated at L = d, below which the spherocylinder model is no longer valid.
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4.1. Bottlebrush Length Is Shorter than Backbone
Contour. For all values of mL tabulated from Tables 1−4, the
coarse-grained contour length is less than the contour length
calculated from the actual number of backbone bonds and the

equilibrium bond length. As pointed out in an earlier
experimental work100 and simulation work,28 the backbone
can bend over smaller length scales that do not manifest in the
overall molecular geometry of the bottlebrush. Indeed, this

Figure 5. Intrinsic viscosity (reduced form) as a function of backbone DP Nbb for different grafting densities: (a) f = 0.5, (b) f = 1, (c) f = 2, and
(d) f = 5. Markers denote simulation data, solid lines denote values calculated considering the excluded volume interaction (eq 23), and dashed
lines denote fits neglecting the effect of excluded volume (eq 21). The lines are truncated at L = d, below which the touched-bead model is no
longer valid.

Figure 6. (a) Form factor of a bottlebrush molecule with Nbb = 926 and f = 1 for different side chain lengths. The black dots mark 1/d, and the
unfilled squares mark the persistence lengths 2/λ−1 (from Table 2). (b) Backbone form factor for the same molecule as in panel (a) showing the
wormlike behavior on intermediate length scales. In both panel, Nsc = 0 denotes a linear chain.
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effect is extremely pronounced at lower grafting densities, f = 1
and f = 1/2, where the value of mL decreases with Nsc. We
attribute this to the decreased ability of fluctuations in the
bottlebrush backbone to persist to the “edge” of the
bottlebrush structure as the length of the side chains increases.
At higher grafting densities, f = 2 and f = 5, the value of mL
becomes insensitive to Nsc, which is consistent with light
scattering measurements from Terao et al.63

4.2. Side Chains Set the Diameter of the Bottlebrush.
The value of d determined by the WLCy model is consistent
with the intuition that it should be set by the length of the side
chains Nsc. This is plotted in Figure 8a, which plots d versus
Nsc on a log−log plot. The observed scaling is very similar for
all values of f considered here, with d ≈ Nsc

0.62. This scaling
exponent of 0.62 is close to that of linear flexible chains but is
slightly higher, which we attribute to modest side chain
stretching. Indeed, this stretching appears to quantitatively
increase with f, which shows a monotonic increase in d. This
appears to be a small effect of d; however, we note that the log
scale does not do justice to the extent of this change;

quantitative values from Tables 1 and 4 show that at Nsc = 20
there is a ≈25% increase in the value of d as f is increased from
f = 1/2 to f = 5.
In addition to this architectural comparison, we also note

that the geometric value d corresponds well with measures of
side chain structure such as the side chain radius of gyration
⟨Ssc

2 ⟩. d is is plotted in Figure 8b as a function of ⟨Ssc
2 ⟩ for all

values of f, and the correlation between the two values is
extremely close, with small deviations occuring only at small
values of d (i.e., small side chain lengths). The correlation is
not quite linear, however, with a scaling exponent of 1.07. The
agreement between d, ⟨Ssc

2 ⟩1/2, and Nsc provides a consistency
check for the WLCy model and agrees with the intuition that
side chains govern the bottlebrush diameter. As an additional
point, we note that B also correlates with d and Nsc; this is
expected, since it reflects the excluded volume of the chain, but
there are not enough bottlebrush runs with B > 0 to draw any
major conclusions.

4.3. Side Chains Set the Flexibility of the Bottlebrush.
Extensive simulation and theory work in the literature has
studied the connection between the stiffness of a bottlebrush
and the length and density of the side chains. There remains
some controversy in this area due to the challenges of ascribing
a persistence length or Kuhn length λ−1 that is not intrinsic to
the chemistry of the molecule but rather the statistical
interactions between architectural features. A major concern
is that the effective persistence length is often (i) dependent on
the length of the chain backbone Nbb and, (ii) if defined
locally, varies over the contour of the bottlebrush and
consequently depends on the length of the backbone
Nbb.

30,36,101

The fits to the WLCy model in Tables 1−4 provide
predictions for how λ−1 changes as a function of the chain
architecture. We find that λ−1 increases with Nsc, with values
for f = 1 and f = 1/2 ranging from 11 to ca. 300. This is within
the range of Kuhn lengths reported in the experiments.61,77−80

This connection between Kuhn length λ−1 and Nsc is plotted in
Figure 9a as solid points and lines. Comparing the data for
each Nsc on increasing grafting density, we match the intuitive
expectations that denser grafting should lead to higher stiffness.

Figure 7. Backbone form factor of a bottlebrush molecule with Nbb =
926 and f = 1 for different side chain lengths (denoted by markers)
compared to the theoretical predictions (solid lines) for a wormlike
chain from ref 99 using parameters from Table 2.

Figure 8. (a) WLCy diameter d versus side chain DP Nsc for different grafting densities f. Scaling exponent μ is indicated, showing increased side
chain stretching away from the ideal chain value μ = 0.588 as f is increased. (b) WLCy diameter d versus side chain radius of gyration ⟨Ssc

2 ⟩1/2 for
different grafting densities. All values of f fall roughly along the same correlation, demonstrating that the parameterized value d reflects the local
conformation geometry of the side chains.
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These simulation/WLCy determinations for λ−1 can be
compared to a number of theoretical and simulation
predictions in the literature to determine the extent that our
predictions are consistent or inconsistent with other types of
models. We first compare λ−1 determined from the WLCy
model with that calculated using eq. 6 from ref 47. In that
work, the equation
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uses the fitting parameters α, λ1, and λ2, which are obtained
from the backbone bond correlation function via the
expression

G( ) (1 )e e/ /1 2α α= − +λ λ− −

and b is the bond length. The two exponentials are intended to
capture the fast and slow decay of the orientation of the
backbone bonds. Similar models for backbone orientational
decay have been found to be applicable in the case of
polyelectrolytes.102 We plot λ−1 calculated from eq 25 versus

Nsc in Figure 9a with open symbols and dashed lines. While
both are similar qualitatively, λ−1 from the WLCy model is
much higher quantitatively, though the deviation almost
completely disappears at low Nsc. We attribute this disparity
to a number of reasons related to the challenges of using
simulation to calculate λ−1. First, we note that the value of λ−1

calculated from eq 25 exhibits a slow increase with an increase
in Nbb; this variation has been reported in the work by Hsu et
al. as a pitfall of using the backbone bond correlation.30 By
contrast, the WLCy model ascribes a single value of λ−1 to the
entire range of Nbb values, resulting in an excellent fit that is
consistent over a wide range of observables. Second, and
perhaps more fundamentally, we noted earlier that the
conformational behavior of the backbone is not the same as
the overall geometry of the bottlebrush. This was previously
discussed in the context of mL, but we suggest the same is true
for λ−1, and that the stiffness of the backbone does not track
completely with the stiffness of the bottlebrush structure. This
is consistent with the nature of the deviations seen in Figure
9a, which grow significantly as the value of Nsc is increased; in
this limit, as in our discussion of mL, the overall bottlebrush

Figure 9. (a) Kuhn length λ−1 as a function side chain degree of polymerization Nsc and grafting density f. Solid markers denote predictions based
on the WLCy model, while open markers denote values calculated from eq 25, which is from Cao et al.47 We note that, at low Nsc, there is an
excellent agreement; however, the two results deviate at large Nsc. (b) Kuhn length λ−1 as a function of diameter d for different grafting densities f,
demonstrating that thick bottlebrushes exhibit a significant increase in chain stiffness.

Figure 10. (a) Mean-square radius of gyration as a function of backbone DP for different side chain DPs at grafting density f = 1. The label Nsc = 0
denotes a linear chain. Scaling exponents 2ν are shown within parentheses for each value of Nsc. (b) Scaling exponent as a function of rescaled
contour length as predicted from the renormalization group theory106 for different values of the rescaled excluded volume parameter u . Markers
denote the longest bottlebrush considered in panel (a) for each value of Nsc.
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structure is least sensitive to the behavior of the backbone
chain conformation. We finally note that eq 25 was intended
for bottlebrush melts, where the excluded volume interactions
are negligible.
We can also frame our predictions from the simulation and

WLCy theory in terms of the scaling arguments made in the
literature. Fredrickson,57 Subbotin et al.,103 and Nakamura and
Norisuye104 have argued, based on the scaling theory, that λ−1

≈ Nsc
2 at sufficiently high grafting density. By contrast, Birshtein

et al.56 proposed, in an alternative theory, that λ−1 ≈ D ≈ Nsc
3/5,

which approaches that of a self-avoiding walk. Other theories
also exist with intermediate predictions.34,58 To compare with
these scaling theories, we have indicated the slopes of 3/5 and
2 in Figure 9a. While our side chains are not long enough to
draw specific conclusions on this point, it appears that both
predictions may be observed at the corresponding limits of low
or high grafting density and our simulations are largely in a
transition regime between the two physical arguments.
Figure 9b shows the dependence of λ−1 on d. While we again

find no clear indication of an unambiguous scaling law, it is
interesting to note that λ−1 is typically much larger than d. This
contrasts with the prediction of Birshtein et al.56 that the Kuhn
length is of the same order as d. Furthermore, it is predicted105

that to obtain lyotropic ordering λ−1/d ≥ 10. This is indeed
true for higher values of Nsc even at f = 1, as can be seen from
Figure 9b and Table 2. Lyotropic ordering of bottlebrushes has
been previously reported in the literature,19−21 confirming that
the WLCy model parameters are in the appropriate regimes
suitable for reproducing experimental observations.
4.4. WLCy Parameters Consistent with Scaling

Exponents in a Crossover Regime. We have demonstrated
that the WLCy model is consistent with fine-grained, explicit
side chain simulations. This demonstrates that it is possible to
place the conformational behavior of bottlebrushes in the
context of known behaviors for standard semiflexible polymer
chains with finite thickness. Figure 10a shows the scaling of the
mean-square radius of gyration for different side chain lengths
with respect to backbone DP for f = 1, similar to Figure 3b but
now including the linear chain (open symbols) and denoting
the scaling exponent 2ν. We observe that 2ν slightly increases
with an increase in Nsc, with small Nsc still quite close to the
asymptotic scaling exponent of 2ν ≈ 1.2 predicted for flexible
linear chains,92 but larger Nsc increases notably to 2ν ≈ 1.4.
This prediction is similar to prior simulation results for
bottlebrushes with flexible backbone.28,40

These scaling observations can be placed in the context of
calculations for wormlike polymer chains from the renormal-
ization group theory of Chen and Noolandi.106 Here, the
scaling exponent 2ν is a function of both the rescaled contour
length λL and the dimensionless excluded volume parameter u ,

which is defined as ( )u w
0.1777

2
3

3/2

̅ = λ π −
. Here, w is an effective

diameter of a segment impenetrable by other segments.106

Figure 10b plots the scaling exponent 2ν for various values of
u . The absence of excluded volume corresponds to u = 0. In
this case, 2ν → 1 as λL → ∞, in accordance to the behavior of
Gaussian chains. When u ≠ 0, 2ν → 1.16 as λL → ∞,
corresponding to the behavior of excluded volume chains. This
graph quantitatively captures the crossovers governing the
standard scaling understanding of semiflexible polymers; when
the polymer is significantly shorter than the persistence length
(λL ≪ 1), the chain is rodlike. As the polymer increases in
length, with weak excluded volume, it will exhibit Gaussian

statistics, and eventually the excluded volume interaction
energy becomes sufficiently large to swell the coil. It is is
possible to avoid the intermediate Gaussian regime at large
values of u . Beyond these conceptual scaling regimes, however,
it should be noted that there are large crossover regimes where
the chain is not fully rodlike, Gaussian, or swollen; this has
been crucial to understanding other semiflexible chains such as
DNA.107

We show that the WLCy parameters determined from
explicit solvent simulations fall squarely in these crossover
regimes. We use the value of λL corresponding to the longest
bottlebrush for each Nsc plotted in Figure 10a ( f = 1) and use
w = d calculated for the same bottlebrushes. This choice is
made for the sake of simplicity, as it allows us to place our
results in the context of the existing renormalization group
theory; we do note that it is unclear that this choice of w = d is
quantitatively appropriate when the width dimension is
dictated by the polymer architecture. Nevertheless, it enables
us to predict, from the renormalization group theory, the value
of 2ν, which is plotted in Figure 10b and qualitatively similar to
the exponents indicated in Figure 10a, spanning 2ν ≈ 1.2−1.4
and increasing with increasing Nsc. We note that there are
some quantitative differences, which we attribute to our choice
to relate w to d rather than B; this is done in part because d is
accessible for the entire range of values Nsc, while B cannot be
accurately determined for large Nsc. We expect the general
trend to hold, however, with the use of d slightly under-
estimating u when compared to the exponents indicated in
Figure 10a. This is consistent with the observation that B > d.
The key observation from Figure 10b is that the values of 2ν
are indeed in the crossover regime between the rodlike,
swollen coil, and Gaussian coil regimes. At large values of Nsc
(e.g., Nsc = 32), the value of u → 0.0 and a sufficiently long
bottlebrush would be expected to exhibit Gaussian statistics at
some intermediate length. At short side chain lengths (i.e., Nsc
≈ 2 − 8), the system exhibits chain statistics close to that of a
swollen coil. However, none of the examples shown are fully in
one of the asymptotic scaling regimes.

5. USING THE WLCY MODEL TO COARSE-GRAIN
POLYMER CHAINS

The success of the WLCy model to describe explicit side chain,
fine-grained molecular models suggests that it is possible to use
an equivalent touched-bead model with implicit side chains to
represent bottlebrush polymers. Indeed, a semianalytical
version of such a model was already used with success97 in
describing intrinsic viscosity [η]. We thus introduce a
discretized wormlike cylinder (DWLCy) model, where the
bottlebrush is modeled as a string of touched beads and the
Stokes radius of each bead is equal to the diameter d of the
corresponding WLCy model.
We use the same Brownian dynamics method described

earlier in Section 2 for the fine-grained models, only now the
connectivity is modeled with a simple Hookean spring energy
U k r( 1) /2i j ijs , s

2= −∑ * − , where ks = 200ε/σ2. The bending

potential is still given by eq 3, only now with kb = (2λd)−1 to
reflect the values of d and λ determined from the WLCy
model. In contrast to the (10 )4 beads needed for single-
molecule simulations of the explicit side chain bottlebrush,
these new implicit side chain simulations are run with a total
number of 3−240 beads. We perform the simulations both
with and without considering excluded volume effects. For
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simulations with excluded volume, a potential of the same form
as eq 2 was used with the length parameter σ equal to the
diameter d as determined from the WLCy model. We
specifically note that this choice of d = σ represents a loss in
a degree of freedom, that is, d and B are no longer independent
as they are in the WLCy model. Here, σ is related to the
quantity B as the characteristic length scale of the excluded
volume potential. This loss in independence is reflected in the
inability to find a single value of σ that consistently fits for all
Nsc; Figure S8 in the Supporting Information shows how
different choices for σ can be parameterized to more accurately
fit different values of Nsc. It is thus likely appropriate to choose
a value of d ≠ σ, which reflects the independence of the value
B; however, we do not explore this choice in this manuscript.
Figure 11 shows the comparison between the explicit (filled

symbols) and implicit (open symbols) side chain simulations
for f = 1, all values of Nsc, and observables ⟨R2⟩ and RH. The
effect of excluded volume on the implicit side chains is also
shown. Similar plots for ⟨S2⟩ and [η] are provided in the
Supporting Information. There is good agreement between
both simulations when excluded volume is considered; even in
the absence of excluded volume, the agreement is nearly
quantitative for Nsc ≥ 14, which corresponds to systems where
B was not required for parameterization. We note that, while

the implicit side chain model is not suitable for backbone
lengths of the same order as the diameter, it becomes
progressively useful as the bottlebrush grows longer compared
to its diameter as these simulations are capable of accessing
bottlebrushes about an order of magnitude longer in length
than the explicit side chain simulations. This demonstrates the
computational benefit of these simulations, though we
emphasize that the plotted values were not an attempt to
obtain the maximum bottlebrush length accessible to
simulation; we expect the true computational limit is at
significantly longer bottlebrush lengths. We do note that low
values of Nsc exhibit deviations between the explicit and
implicit side chain simulations. This is of course due to the lack
of excluded volume in the implicit side chain simulations,
because deviations occur precisely where the QTP model for
excluded volume becomes important in the WLCy fits. These
chains are expected to swell and move significantly closer to
the explicit side chain results upon inclusion of an excluded
volume potential.

6. CONCLUSIONS
In this paper, we demonstrated that the wormlike cylinder
(WLCy) model can be systematically parameterized to
describe bottlebrush polymers with flexible backbone and

Figure 11. Mean-square end-to-end distance (a) without and (b) with excluded volume and hydrodynamic radius (c) without and (d) with
excluded volume as a function of contour length L for different side chain lengths at grafting density f = 1. Unfilled markers are data from
simulations using coarse-grained touched-bead models, and filled markers are data from simulations using fine-grained bead-spring models. Lines
are meant to guide the eye.
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side chains in dilute solution. This parameterization was
performed using explicit side chain models for bottlebrush
polymers that are known to match well with experimental data,
thus allowing us to develop a coarse-grained representation of
synthesized bottlebrush polymers. The WLCy model was
demonstrated to be internally consistent among a number of
molecular observables, including end-to-end distance, radius of
gyration, hydrodynamic radius, and intrinsic viscosity, with
parameterization from two of these values predicting the other
two almost quantitatively.
This parameterization provided insight into the molecular

structure of bottlebrush polymers, matching qualitatively with
the previous theory and simulation of these molecules. In the
context of the WLCy model, we can understand a number of
physical aspects of bottlebrush molecules, capturing how the
molecular length relates to the backbone contour, how side
chains affect the bottlebrush diameter, and how the same side
chains set the bottlebrush flexibility. We can also compare to
classical renormalization group calculations to demonstrate
that the overall bottlebrush conformation exists in a crossover
regime of wormlike polymer behavior, with the molecular size
exhibiting intermediate scaling exponents between the rodlike,
Gaussian, and swollen coil limits. The location within this
crossover regime is determined both by the molecular length
and the length of the side chains, which affect both the
flexibility and width of the bottlebrush.
Finally, we show that the WLCy model enables the

development of coarse-grained implicit side chain simulation
models, which represent a significant computational speedup
over explicit side chain representations. We show nearly
quantitative agreement between the two models and also that
much longer bottlebrush molecules can be simulated for the
implicit side chain model.
The success of the WLCy model sets the stage for using

computation to understand the behavior of bottlebrush
suspensions, where nondilute bottlebrushes exhibit nontrivial
rheological response and molecular self-assembly. This leads to
a number of open questions for bottlebrush modeling, such as,
can we further decrease the number of parameters needed for
the coarse-graining by relating, for example, d and B and d and
λ−1, in an accurate fashion. In principle, the former should
already be possible using statistical mechanical arguments;
however, we are limited in the data for B due to the stiffness of
the bottlebrushes we have considered. We also expect the
modeling of excluded volume in the implicit side chain models
to be nontrivial but important; this is key for single-chain
effects such as the deviations in Figure 11 but also for the inter-
bottlebrush interactions that will occur in nondilute bottle-
brush solutions. We expect that comparison to experimental
data, which already exhibits excellent matching to these
simulations in dilute solution,52 will be crucial to parameter-
izing excluded volume effects in nondilute solutions. Further
simulation study, for example, capturing the potential of mean
force between the two bottlebrush molecules, would also aid in
the parameterization and understanding of excluded volume
when it arises due to densely grafted macromolecules.
Ultimately, we would like to extend this model beyond
homopolymer, cylindrical bottlebrushes to consider bottle-
brush block copolymers54,108−111 and bottlebrushes with
noncylindrical geometries.112,113
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